Inspired by the works of Ablowitz, Mussliman and Fokas, a partial reverse space-time nonlocal Mel'nikov equation is introduced. This equation provides two dimensional analogues of the nonlocal Schrödinger-Boussinesq equation. By employing the Hirota's bilinear method, soliton, breathers and mixed solutions consisting of breathers and periodic line waves are obtained. Further, taking a long wave limit of these obtained soliton solutions, rational and semi-rational solutions of the nonlocal Mel'nikov equation are derived. The rational solutions are lumps. The semi-rational solutions are mixed solutions consisting of lumps, breathers and periodic line waves. Under proper parameter constraints, fundamental rogue waves and a semi-rational solution of the nonlocal Schrödinger-Boussinesq equation are generated from solutions of the nonlocal Mel'nikov equation.
Introduction
It is well known that, nonlinear evolution equations (NLEEs) are well used to describe a variety of nonlinear phenomenon in fields such as fluids, plasmas, optics, condensed matter physics, particle physics and biophysics [1, 2, 3, 4, 5, 6, 7, 8] .
1 E-mail address: zyqin@fudan.edu.cn Searching for exact solutions of NLEEs is important in scientific and engineering applications because it offers a rich knowledge on the mechanism of the complicated physical phenomena modelled by NLEEs. A variety of powerful methods have been used to obtain solutions to NLLEs and to investigate the physical properties of these solutions. Examples of these methods include the Darboux transformation method [9, 10] , the inverse scattering method [11] , the Hirota bilinear method [13] , the homogeneous balance method [14, 15] , the Lie group method [16, 17] , the direct method [18, 19, 20] , and so on [21, 22, 23] .
Most of those NLEEs are local equations, namely, the solution's evolution depends only on the local solution value and its local space and time derivatives. Recently, Ablowitz and Musslimani [24] introduced the nonlocal nonlinear Schrödinger (NLS) equation q t (x, t) − iq xx (x, t) ± 2iV (x, t)q(x, t) = 0 , V (x, t) = q(x, t)q * (−x, t)
which contains the P T symmetric potential V . Fokas extended the nonlocal NLS equation into multidimensional versions, and introduced the following new integrable nonlocal Davey-Stewartson (DS) equation [25] :
where V = A(x, y, t) [A(−x, −y, t)] * , ǫ = ±1,
or V = A(x, y, t) [A(−x, y, t)] * , ǫ = ±1.
Then a number of new nonlocal integrable equations were proposed and studied [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42] .
However, there are few works of partial reverse space-time nonlocal equations in multidimensional versions. Inspired by the works of Ablowitz, Mussliman and Fokas, we propose a partial reverse space-time nonlocal Mel'nikov equation 3u yy − u xt − [3u 2 + u xx + κφφ * (−x, y, −t)] xx = 0,
where u and φ are functions of x, y, t. Obviously, by replacing φ * (−x, y, −t) as φ * (x, y, t) , the nonlocal Mel'nikov equation reduce to the usual Mel'nikov equation 3u yy − u xt − (3u 2 + u xx + κ|φ| 2 ) xx = 0,
Here u is the long wave amplitude (real), φ is the complex short wave envelope.
As noted by Mel'nikov [43, 44, 45, 46] , this equation may describe an interaction of long waves with short wave packets, and it also could be considered either as a generalization of the KP equation with the addition of a complex scalar field or as a generalization of the NLS equation with a real scalar field [47] . Noth that highorder soliton solutions for this equation were derived by Ohta. et.al [48] , rogue wave solutions were derived by Mu and Qin [49] , general N-dark soliton solutions of the multi-component Mel'nikov System were investigated by Han. et. al [50] . Besides, under the variable transformations
neglecting the τ -dependence, then rewriting ξ → x and η → t, the nonlocal Mel'nikov equation reduces to the nonlocal Schrödinger-Boussinesq equation
Rogue wave solutions of the usual Schrödinger-Boussinesq equation have been studied by Mu and Qin [51] .
In recent works [37, 38] , a variety of solutions including (2 + 1)-dimensional breather, rational, semi-rational solutions of the partially and fully parity-time (P T ) symmetric nonlocal DS equations have been reported. Thus it is natural to seek various exact solutions for the partial reverse space-time nonlocal equations. In this work, we derive families of rational and semi-rational solutions to the partial reverse space-time nonlocal Mel'nikov equation (6) by using the Hirota bilinear method, and then show the key features. This paper is organized as follows. In section 2, soliton and breather solutions are derived by employing the Hirota's bilinear method. In section 3, the main theorem on the rational solutions is provided, and typical features of these rational solutions are shown. In section 4, semi-rational solutions consisting of lumps, breathers and periodic line waves are generated, and their unique dynamics are also discussed. Our results are summarized in section 5.
2 Soliton, breather solutions of the nonlocal Mel'nikov equation
To using the Hirota bilinear method for constructing soliton solutions of the partial reverse space-time nonlocal Mel'nikov equation, we consider a transformation different from that considered by Mu and Qin [44] . Here we allow for nonzero asymptotic condition (φ, u) → (1, 0) as x, y, t → ∞, and look for solution in the form
where f , g are functions with respect to three variables x , y and t, and satisfy the condition f * (−x, y, −t) = f (x, y, t).
Obviously, φ = 1, u = 0 is a constant solution of the Equation (5), and under the transformation (9), the Equation (5) is cast into the following bilinear form
Here the operator D is the Hirota's bilinear differential operator [13] defined by
We are in a position to look for soliton solutions of the nonlocal Mel'nikov equation by employing the Hirota's bilinear method, which uses the perturbation expansion [13] . To this end, we expand functions g and f in terms of power series of a small parameter ǫ:
Substituting equation (12) into bilinear equations (11), we can obtain soliton solutions φ, u defined in equation (9) with functions f and g being the forms of
where
and the dispersion relation is
Here P j , Q j are freely real parameters, and η 0 k is an arbitrary complex constant. The notation µ=0 indicates summation over all possible combinations of µ 1 = 0, 1 , µ 2 = 0, 1 , ..., µ N = 0, 1; the N j<k summation is over all possible combinations of the N elements with the specific condition j < k.
In particular, when one takes Q j = 0 in equation (14), the corresponding soliton solutions are independent of y, and describe periodic line waves periodic in x direction and localized in y direction on the (x, y)-plane. As soliton solutions of the nonlocal DS equations discussed in Ref. [37, 38] , these derived solutions of this nonlocal equation also have singularities. However, by suitable constraints of the parameters P j , Q j , η 0 j in equation (13)
general nonsingular n-breather solutions can be generated. For instance, with N = 2, and parameter choices
where P , Q , η 0 are real. The one breather can also be expressed in terms of hyperbolic and trigonometric functions as
M , Θ , φ and η 0 are defined by
The period of |φ| or u is 2π P along the x direction on the (x, y)-plane. These two onebreather solutions |φ| and u are plotted in Fig. 1 . In particular, under parameter constraints Ω = P and the variable transformations defined in equation (7), then the one-breather solutions defined in equation (18) reduce to one-breather solutions of the nonlocal Schrödinger-Boussinesq equation. Besides, the high-order breather solutions can also be generated from equation (13) under parameter constrains (16) , which still keep periodic in x direction and localized in y direction. For example, taking parameters in equation (13) 
the second-order breather solutions φ, u can be generated, which are illustrated in , Q = 1, η 0 = 0, t = 0.
In addition to general breather solutions, mixed solutions consisting of breathers and periodic line waves can also be generated by taking parameters in equation (13) 
This family of hybrid solutions is also nonsingular as breather solutions generated by parameter constraints defined in (16) , which describes n-breather on a background of periodic line waves, and the period of the periodic line waves is
. For example, with N = 3, and parameter choices in equation (13)
where P 0 , Q 0 are real, a mixed solution composed of one breather and periodic line waves is obtained, see Fig.3 . The period of the one breather is
, while the periodic 
line waves is
. In this case, solution u is a complex function, which is different from the solutions of the local Mel'nikov equation, as the later is real. Again, when one takes parameter constraints
and the variable transformations defined in equation (7), then corresponding mixed solutions reduce to hybrid solutions consisting of one-breather solutions and periodic line waves to the nonlocal Schrödinger-Boussinesq equation. (18) with parameters κ = 1,
Besides, another popular method to derive a variety of solutions to soliton equation theoretically is the Darboux transformation [52, 53, 54, 55, 56, 57, 58, 59 ], but these obtained solutions have demonstrated that the bilinear method is a feasible scheme in computing different types solutions. Examples of these solutions include solitons, breathers, rogue waves, and many other types of rational solutions. This alternative is especially valuable as most soliton systems possess bilinear forms.
Rational solutions of the nonlocal Mel'nikov equation
To generate rational solutions to the nonlocal Mel'nikov equation, a long wave limit is now taken with the provision
Indeed, under parameter constraints
and taking the limit as P j → 0 in (13), then functions f and g in exponential forms are translated into pure rational functions. Hence rational solutions to the nonlocal Mel'nikov equation can be presented in the following Theorem. 
the two positive integers j and k are not large than N, λ j , λ k are arbitrary real constants, and δ j , δ k = ±1. The first four of (27) are written as
The above formulae for f and g will be used to express explicit form of rational solutions.
Remark 1. These rational solutions can be classified into two patterns:
(1) By restricting the parameters
in Theorem 1, the corresponding rational solutions are nonsingular, which are nthorder lumps.
(2) When the parameters satisfy parameter constraints defined in (29) the corresponding have singularity at point (x, y, t) = (0, 0, 0). Thus hereafter we just focus on nonsingular rational solutions under parameter constraints defined in (29) .
To demonstrate the typical dynamics of these nonsingular rational solutions, we first consider the first-order lump solutions. Indeed, taking
in formula (27) , the one-lump solutions can be generated. In this case, solutions u and φ can be expressed
As discussed in Ref. [38] , solutions φ, u are constant along the [x(t), y(t)] trajectory where
2λ 2 t = 0, y = 0. Besides, at any fixed time, (φ, u) → (1, 0) when (x, y) goes to infinity. Hence these rational solutions are permanent lumps moving on the constant backgrounds.
After a shift of time, the patterns of lump solutions do not change. Thus, we can discuss of the patterns of the lump solutions at t = 0 without loss of generality. In this case, the two solutions φ, u have critical points = 0). The second derivatives at the these three critical points are given by
Hence, point A 1 is the maximum value point of solutions φ and u, and points A 2 , A 3 are the minimum value points. That fact indicates that there are only bright lumps in the nonlocal Mel'nikov equation, which is different from the local Mel'nikov equation [44] , as the later possesses three patterns of lumps. Besides, by comparison of this rational solutions of the local Mel'nikov equation, it is obvious that the expression of g 0 2 in (31) only contains the variable y, but the corresponding solutions contain all the variables x, y and t in the local Mel'nikov equation. Thus their solutions are different in the expressions. The one-lumps solutions u and φ are plotted in Fig. 4 . In particular, when one takes
in equation (31), and then taking the variable transformations defined in equation (7), the two dimensional lumps solutions (31) reduce to rogue wave solutions of the nonlocal Schrödinger-Boussinesq equation, which can be expressed as
|ψ| reaches maximum amplitude 3 (i.e., three times the background amplitude) at the point (0, 0), and the minimum amplitude 0 at points ( , 0). u reaches maximum amplitude 8 3 at the point (0, 0), and the minimum amplitude − Higher-order lumps can be derived with larger N = 2n(n ≥ 2) and other parameters meet the parameter constraints defined in (29) , which describe the interaction of n individual fundamental lumps. For example, taking
the second-order lump solutions can be obtained from (26) , which is
The explicit form of solution φ and u with parameters
can be expressed as 
Key features of the superposition between two fundamental lumps at different times are demonstrated in Fig.5 . Obviously, one lump travels at a higher speed than the other one. When they get closer, the shapes of these two lumps begin to alter. In particular, the maximum amplitude of these two lumps become lower when these two lumps immerse into each other, which do not exceed 3 (the maximum amplitude of the fundamental lump is 3), see the panel at t = 0.5. That is different from the interaction of two bright lumps in the nonlocal DSI equation [38] , which can generate higher amplitudes.
For larger N and parameters satisfy parameters constraints (29), higher-order lumps would be obtained. For instance, taking parameters in (27) 
the three-lump solutions can be derive, which is These third-order lump solutions are composed of three lumps, see Fig. 6 . But again, the maximum value of this solution |φ| stays below 3 for all times, so this interaction does not create very high spikes either. 
Semi-rational solutions of the nonlocal Melnikov equation
To understand resonant behaviours in the nonlocal Mel'nikov equation, we consider several types of semi-rational solutions. As derivation of the rational solutions in the last section, semi-rational solutions can also be generated by taking a long wave of the soliton solutions. Indeed, taking a long wave limit of a part of exponential functions in f and g given by equation (13), then this part of exponential functions is translated into rational solutions and the other part of exponential functions still keeps in exponential forms. Hence, semi-rational solutions are generated. These semi-rational solutions describe interaction between lumps, breathers and periodic line waves. To demonstrate these unique dynamics of resonant behaviours in the nonlocal Mel'nikov equation, below we consider two cases of semi-rational solutions.
Case 1: A hybrid of lumps and periodic line waves The simplest semi-rational solutions consisting of a lump and periodic line waves is generated from the third-order soliton solutions. Indeed, taking parameters in (13)
and taking a long wave limit as
then functions f and g are rewritten as
and a 12 , b s , φ s , η 3 are given by (28) and (14) . Further, taking parameter constraints
then corresponding semi-rational solutions consisting of a lump and periodic line waves are obtained, see Figs.7, 8 . It is seen that, the periodic line waves coexisting with a fundamental lump are periodic in x direction and localized in y direction and the period is
. By comparing to this type of semi-rational solutions of the nonlocal DSI equation in Ref. [38] , a different phenomenon is that, the interaction between the lump and periodic line waves can generated either much higher peaks or lower peaks. In Fig.7 , the maximum amplitude of the lump can reach 4 (four times the constant background), while it is higher than the fundamental lumps. However, in the Fig. 8 , the maximum amplitudes of the lump do not exceed 2 (two times the constant background). In this case, the interaction between the lump and periodic line waves generate lower peaks. Note that this type of semi-rational solutions has not been discussed in the local Mel'nikov equation before. . The right panels are density plots of the left.
In particular, when one takes . The right panels are density plots of the left. in equation (45), and then taking the variable transformations defined in equation (7), the corresponding mixed solutions (45) reduce to one dimensional mixed solutions consisting of a fundamental rogue wave and periodic line waves to the nonlocal Schrödinger-Boussinesq equation.
Semi-rational solutions consisting of more lumps and periodic line waves can also be generated by a similar way for larger N. Below we consider a subclass of semi-rational solutions composed of two lumps and periodic line waves, which can be generated from 5-soliton solutions. Indeed, setting in parameters in equation
and then taking a long wave limit as 
, and θ j , b j , a ij ( 1 ≤ i < j ≤ 4) are given by (28), η 5 , φ 5 are given by (14) . Under parameter constraints
then a family of semi-rational solutions describing two lumps on a background of periodic line waves is generated. These two solutions φ and u with parameters
are shown in Fig. 9 . It is seen that these two solutions u and φ are composed of two lumps and periodic line waves. The period of these line waves is 2π. The maximum value of the solution φ can exceed 4.5 (4.5 times the constant background) at t = 0, while the |u| can reach 12. So this interaction between these two lumps and periodic line waves can create very high spikes either under proper parameter choices. . The right panels are density plots of the left.
Case 2: A hybrid of breathers and periodic line waves Another type of semi-rational solutions is the mixed solutions consisting of lumps and breathers. Here we only consider the simplest one of this type of mixed solution, which only possesses one lump and one breather. To this end, we take parameters in (13)
and take a limit as 
, and a 12 , b s , φ l , η l , e A 34 are given by (28) and (14) . Further, taking parameters
thus semi-rational solutions consisting of a fundamental lump and one breather are obtained, see Fig.10 . The period of this breather is
. In this situation, solution u is real. Note that for fixed parameters η . The superimposition of lump with breather excites a peak whose height is less than three times of the background amplitude. Besides, the breather possesses a lower amplitude and a smaller period than Fig. 10 and it propagates stably. Apparently, the wave structure of the lump is destroyed due to the interaction, and energy transfer has happened between lump and breather.
Higher-order semi-rational solutions consisting of higher-order lumps and higherorder breathers can also be generated by a similar way with larger N, the related results will be published elsewhere. 
Summary and discussion
In this paper, we have introduced and investigated an partial reverse space-time nonlocal Mel'nikov equation, which is an multidimensional versions of the nonlocal Schrödinger-Boussinesq equation with a parity-time-symmetric potential. By using the Hirota's bilinear method, soliton solutions are obtained. Although these soliton solutions have singularities, general n-breather solutions and mixed solutions consisting of breathers and periodic line waves can be derived under proper parameter constraints, which are nonsingular, see Figs.1, 2, 3. Taking a long wave limit of these obtained solitons and parameter constraints, nonsingular rational solutions have be generated, which are lump solutions. The exact explicit lump solutions up to the third-order are presented, dynamical behaviours of interaction between lumps have been demonstrated, see Figs. 4, 5, 6 . Besides, taking a lone wave limit of solitons partially, two subclasses of semi-rational solutions are derived. One subclass of these semi-rational solutions describe lumps on a background of periodic line waves, see 
